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In this paper we discuss the following p-Laplacian m-point boundary value problem on
time scales T:(
ϕp(u∆(t))
)∇ + h(t)f (t, u(t), u∆(t)) = 0, t ∈ (0, T )T,
u(0) = 0, ϕp
(
u∆(T )
) = m−2∑
i=1
aiϕp
(
u∆(ξi)
)
,
where ϕp(u) = |u|p−2u for p > 1. Some new existence criteria for at least three positive
solutions are established by using a generalization of the Leggett-Williams fixed point
theorem due to Bai and Ge. An example is also given to demonstrate the main result.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let T be a time scale (an arbitrary nonempty closed subset of the real numbers R). For each interval I of R, we define
IT = I∩T. For more details on time scales, one can refer to [1–5]. In this paper, we are interested in the existence of at least
three positive solutions to the following p-Laplacianm-point boundary value problem (BVP for short) on time scales(
ϕp(u∆(t))
)∇ + h(t)f (t, u(t), u∆(t)) = 0, t ∈ (0, T )T, (1.1)
u(0) = 0, ϕp
(
u∆(T )
) = m−2∑
i=1
aiϕp
(
u∆(ξi)
)
(1.2)
where ϕp(u) is the one-dimensional p-Laplacian operator, i.e., ϕp(u) = |u|p−2 u for p > 1 with (ϕp)−1 = ϕq and
1/p+ 1/q = 1.
Recently, when the nonlinear term does not depend on the lower order derivative, many excellent works have been done
for p-Laplacian BVPswhenT = R [6–12],whenT = Z [7,13–15] andwhenT is an arbitrary time scale [16–21]. But very little
work has been done on the existence of positive solutions for BVPswith nonlinearity depending on the lower derivative [8,9].
In particular, in [8], Bai and Ge generalized the Leggett-Williams fixed point theorems by using fixed point index theory. An
application of the theorem is given to prove the existence of three positive solutions to the following second order BVP
u′′(t)+ f (t, u(t), u′(t)) = 0, t ∈ (0, 1),
u(0) = u(1) = 0,
where f : [0, 1] × R2 → [0,∞) is continuous. They also extended the results to four-point BVP in [9].
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In [21], the author and Li gave some sufficient conditions for the existence of at least two or three positive solutions for
the BVP (1.1) and (1.2) when the nonlinearity f is not involved with the first order derivative u∆(t). The main tools used are
fixed point theorems in cones.
Motivated by the works mentioned above, in this paper we establish the existence criteria for at least three and arbitrary
odd number of positive solutions for the p-Laplacian m-point BVP (1.1) and (1.2). An example is also given to illustrate the
main results. The interesting point is that the nonlinear term f contains the first order delta derivative u∆(t) explicitly and
a new equivalent integral equation which contains only nonnegative terms and is different from that in [21]. The results are
even new for the special cases of difference equations and differential equations, as well as in the general time scale setting.
The rest of the paper is organized as follows. In Section 2, we give some preliminaries which are needed later. Section 3 is
due to develop existence criteria for at least three and arbitrary odd number of positive solutions of problem (1.1) and (1.2).
The results are even new for the special cases of difference equations and differential equations, as well as in the general
time scale setting. In the final of this section, we present an example to illustrate the application of the obtained result.
For convenience, throughout this paper, we have the following hypotheses:
(H1) 0, T ∈ T, 0 < ξ1 < ξ2 < · · · < ξm−2 < ρ(T ), ξi ∈ T, ai ≥ 0 for i = 1, . . . ,m− 2, and d = 1−∑m−2i=1 ai > 0;
(H2) η = min{t ∈ T : T2 ≤ t < T } exists and h ∈ Cld((0, T )T, [0,∞)) such that 0 <
∫ T
η
h(s)∇s < ∞ and
f : (0, T )T × [0,∞)× (−∞,∞)→ [0,∞) is continuous.
2. Preliminaries
Let the Banach space
B = C1ld([0, T ]T) =
{
u : [0, T ]T → R : u is∆-differentiable on [0, T ]T, and u∆ is ld-continuous on [0, T ]T
}
be endowed with the norm ‖u‖ = max{‖u‖0, ‖u∆‖0}, where
‖u‖0 = sup
t∈[0,T ]T
|u(t)| , ‖u∆‖0 = sup
t∈[0,T ]T
∣∣u∆(t)∣∣ (2.1)
and choose the cone P ⊂ B defined by
P =
{
u ∈ B : u(t) ≥ 0 for t ∈ [0, T ]T and u∆∇(t) ≤ 0 for t ∈ (0, T )T, ϕp
(
u∆(T )
) = m−2∑
i=1
aiϕp
(
u∆(ξi)
)}
.
Clearly, for u ∈ P , from u∆∇(t) ≤ 0, we obtain that
ϕp(u∆(T )) =
m−2∑
i=1
aiϕp(u∆(ξi)) ≥
m−2∑
i=1
aiϕp(u∆(T )).
Under the assumption of (H1), that is
∑m−2
i=1 ai < 1, we know u∆(T ) ≥ 0, then u∆(t) ≥ 0 for t ∈ [0, T ]T. Therefore,
combining with u(t) ≥ 0, we can easily get that ‖u‖0 = u(T ) and ‖u∆‖0 = u∆(0).
Define the operator A : P → B by
Au(t) =
∫ t
0
ϕq
(∫ T
s
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
∆s (2.2)
for 0 ≤ t ≤ T . By the definition of A, the monotonicity of ϕq(x) and the assumption of (H1), (H2), it is easy to see that for
each u ∈ P , Au ∈ P and Au(T ) is the maximum value of Au(t). In addition, by direct calculation, we get that each fixed point
of the operator A in P is a positive solution of (1.1), (1.2). Similar to the proof of Lemma 2.3 in [21], it is easy to see that
A : P → P is completely continuous.
Letα andβ be nonnegative continuous convex functionals on a cone P ,ψ be a nonnegative continuous concave functional
on P , and r, a, L be positive numbers with r > a, we define the following convex sets
P(α, r;β, l) = {u ∈ P : α(u) < r, β(u) < l},
P(α, r;β, l) = {u ∈ P : α(u) ≤ r, β(u) ≤ l},
P(α, r;β, l;ψ, a) = {u ∈ P : α(u) < r, β(u) < l, ψ(u) > a},
P(α, r;β, l;ψ, a) = {u ∈ P : α(u) ≤ r, β(u) ≤ l, ψ(u) ≥ a}.
The following assumptions with regard to the nonnegative continuous convex functionals α, β are used:
(B1) there existsM > 0 such that ‖x‖ ≤ Mmax{α(x), β(x)} for all x ∈ P;
(B2) P(α, r;β, l) 6= ∅ for any r > 0 and l > 0.
In our argument, the following fixed point theorem due to Bai and Ge is crucial.
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Lemma 2.1 ([8]). Let B be Banach space, P ⊂ B a cone and r2 ≥ d > b > r1 > 0, l2 ≥ l1 > 0. Assume that α and β are
nonnegative continuous convex functionals satisfying (B1) and (B2),ψ is a nonnegative continuous concave functional on P such
that ψ(u) ≤ α(u) for all u ∈ P(α, r2;β, l2) and A : P(α, r2;β, l2) → P(α, r2;β, l2) is a completely continuous operator.
Suppose
(C1) {u ∈ P(α, d;β, l2;ψ, b) : ψ(u) > b} 6= ∅, ψ(Au) > b for u ∈ P(α, d;β, l2;ψ, b);
(C2) α(Au) < r1, β(Au) < l1 for u ∈ P(α, r1;β, l1) and
(C3) ψ(Au) > b for u ∈ P(α, r2;β, l2;ψ, b) with α(Au) > d.
Then A has at least three fixed points u1, u2, u3 ∈ P(α, r2;β, l2) with
u1 ∈ P(α, r1;β, l1), u2 ∈ {P(α, r2;β, l2;ψ, b)|ψ(u) > b};
and
u3 ∈ P(α, r2;β, l2) \
(
P(α, r2;β, l2;ψ, b) ∪ P(α, r1;β, l1)
)
.
3. Main results
In this section we will give sufficient conditions for the existence of at least three positive solutions to the problem (1.1)
and (1.2) by applying Lemma 2.1 to the operator A defined in Section 2.
First, in view of Lemma 2.6 in [21], we know that for u ∈ P , there is u(t) ≥ tT ‖u‖ for t ∈ [0, T ]T. So, for η defined in
assumption (H2), we get
u(t) ≥ η
T
‖u‖ ≥ 1
2
‖u‖ for t ∈ [η, T ]T. (3.1)
Let the nonnegative continuous convex functionalsα, β and the nonnegative continuous concave functionalψ be defined
on the cone P by
α(u) = max
t∈[0,T ]T
|u(t)| = u(T ), β(u) = sup
t∈[0,T ]T
|u∆(t)| = u∆(0), ψ(u) = min
t∈[η,T ]T
u(t) = u(η), u ∈ P.
Then it is easy to see that ‖u‖ = max{α(u), β(u)} and (B1), (B2) hold.
Now for convenience we introduce the following notations. Let
N =
∫ T
0
ϕq
(∫ T
s
h(τ )∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ
)
∆s,
M = ηϕq
(∫ T
η
h(τ )∇τ
)
and
S = ϕq
(∫ T
0
h(τ )∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ
)
.
Theorem 3.1. Assume f (t, 0, 0) 6≡ 0 for t ∈ [0, T ]T. If there are positive numbers r2 ≥ 2b > b > r1 > 0, l2 ≥ l1 > 0 with
b/M ≤ min{r2/N, l2/S} such that the following conditions are satisfied:
(i) f (t, u, v) ≤ min
{
ϕp
( r2
N
)
, ϕp
(
l2
S
)}
for (t, u, v) ∈ [0, T ]T × [0, r2] × [−l2, l2];
(ii) f (t, u, v) > ϕp
( b
M
)
for (t, u, v) ∈ [η, T ]T × [b, 2b] × [−l2, l2];
(iii) f (t, u, v) < min
{
ϕp
( r1
N
)
, ϕp
(
l1
S
)}
for (t, u, v) ∈ [0, T ]T × [0, r1]× [−l1, l1].
Then the problem (1.1), (1.2) has at lest three positive solutions u1, u2, u3 satisfying
max
t∈[0,T ]T
u1(t) < r1, sup
t∈[0,T ]T
∣∣u∆1 (t)∣∣ < l1,
b < min
t∈[η,T ]T
u2(t) ≤ max
t∈[0,T ]T
u2(t) ≤ r2; sup
t∈[0,T ]T
∣∣u∆2 (t)∣∣ ≤ l2,
max
t∈[0,T ]T
u3(t) < 2b with min
t∈[η,T ]T
u3(t) < b and sup
t∈[0,T ]T
∣∣u∆3 (t)∣∣ ≤ l2.
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Proof. By the definition of the operator A and its properties, it suffices to show that the conditions of Lemma 2.1 hold with
respect to the operator A.
We first show that if (i) is satisfied, then
A : P(α, r2;β, l2)→ P(α, r2;β, l2). (3.2)
In fact, if u ∈ P(α, r2;β, l2), then
α(u) = max
t∈[0,T ]T
|u(t)| ≤ r2, β(u) = sup
t∈[0,T ]T
∣∣u∆(t)∣∣ ≤ l2
and assumption (i) implies
f (t, u(t), u∆(t)) ≤ min {ϕp (r2/N) , ϕp (l2/S)} , t ∈ [0, T ]T.
On the other hand, for u ∈ P , there is Au ∈ P , so
α(Au) = max
t∈[0,T ]T
|(Au)(t)|
= max
t∈[0,T ]T
∣∣∣∣∣
∫ t
0
ϕq
(∫ T
s
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
∆s
∣∣∣∣∣
=
∫ T
0
ϕq
(∫ T
s
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
∆s
<
∫ T
0
ϕq
(∫ T
s
h(τ )ϕp
( r2
N
)
∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )ϕp
( r2
N
)
∇τ
)
∆s
= r2
N
(∫ T
0
ϕq
(∫ T
s
h(τ )∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ
)
∆s
)
= r2
and
β(Au) = sup
t∈[0,T ]T
|(Au)∆(t)|
= sup
t∈[0,T ]T
∣∣∣∣∣ϕq
(∫ T
t
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)∣∣∣∣∣
= ϕq
(∫ T
0
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
≤ ϕq
(∫ T
0
h(τ )ϕp
(
l2
S
)
∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )ϕp
(
l2
S
)
∇τ
)
= l2
S
· S = l2.
Therefore, (3.2) holds.
In the same way, if u ∈ P(α, r1;β, l1), then condition (iii) implies
f (t, u(t), u∆(t)) < min
{
ϕp (r1/N) , ϕp (l1/S)
}
for t ∈ [0, T ]T.
As in the argument above we can get that A : P(α, r1;β, l1)→ P(α, r1;β, l1). Thus, condition (C2) of Lemma 2.1 is satisfied.
To check condition (C1) in Lemma 2.1. We choose u(t) = 2b for t ∈ [0, T ]T. It is easy to see that
u(t) = 2b ∈ P(α, 2b;β, l2;ψ, b) and ψ(u) = 2b > b,
and consequently{
u ∈ P(α, 2b;β, l2;ψ, b) : ψ(u) > b
} 6= ∅.
Therefore, for u ∈ P(α, 2b;β, l2;ψ, b), there are
b ≤ u(t) ≤ 2b and ∣∣u∆(t)∣∣ ≤ l2 for t ∈ [η, T ]T.
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Hence in view of hypothesis (ii), we have
f (t, u(t), u∆(t)) > ϕp(b/M) for t ∈ [η, T ]T.
So by the definition of the functional ψ we see that
ψ(Au) = min[η,T ]T Au(t) = Au(η)
=
∫ η
0
ϕq
(∫ T
s
h(τ )f (τ , u(τ ), u∆(τ ))∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
∆s
≥
∫ η
0
ϕq
(∫ T
η
h(τ )f (τ , u(τ ), u∆(τ ))∇τ
)
∆s
> ηϕq
(∫ T
η
h(τ )ϕp (b/M)∇τ
)
= b
M
·M = b.
Therefore, we get ψ(Au) > b for u ∈ P(α, 2b;β, l2;ψ, b), and condition (C1) in Lemma 2.1 holds.
We finally show that (C3) in Lemma 2.1 is satisfied. In fact, for u ∈ P(α, r2;β, l2;ψ, b) and α(Au) > 2b, we have
ψ(Au) = min[η,T ]T Au(t) = Au(η) ≥
η
T
max
t∈[0,T ]T
Au(t) ≥ 1
2
α(Au) > b.
To sum up, (C1)–(C3) hold. Thus by Lemma 2.1 and the assumption that f (t, 0, 0) 6≡ 0 on [0, T ]T, the BVP (1.1) and (1.2) has
at least three positive solutions u1, u2 and u3 in P(α, r2;β, l2)with
u1 ∈ P(α, r1;β, l1), u2 ∈ {P(α, r2;β, l2;ψ, b) : ψ(u) > b}
and
u3 ∈ P(α, r2;β, l2) \
(
P(α, r2;β, l2;ψ, b) ∪ P(α, r1;β, l1)
)
.
The fact that the functionals α and β on P satisfy an additional relation 12α(u) ≤ ψ(u) for u ∈ P implies that
max
t∈[0,T ]T
u3(t) < 2b.
The proof is complete. 
From Theorem 3.1, we see that, when assumptions (i), (ii), and (iii) are imposed appropriately on f , we can establish the
existence of an arbitrary odd number of positive solutions of (1.1) and (1.2).
Theorem 3.2. Suppose that there exist constants
0 < r1 < b1 < 2b1 ≤ r2 < b2 < 2b2 ≤ · · · ≤ rn, 0 < l1 ≤ l2 ≤ · · · ≤ ln, n ∈ N
with
bi/M ≤ min{ri+1/N, li+1/S} for 1 ≤ i ≤ n− 1
such that the following conditions hold:
(i) f (t, u, v) < min
{
ϕp(ri/N), ϕp (li/S)
}
for (t, u, v) ∈ [0, T ]T × [0, ri] × [−li, li], 1 ≤ i ≤ n;
(ii) f (t, u, v) > ϕp (bi/M) for (t, u, v) ∈ [η, T ]T × [bi, 2bi] × [−li+1, li+1], 1 ≤ i ≤ n− 1.
Then, BVP (1.1) and (1.2) has at least 2n− 1 positive solutions.
Proof. When n = 1, it is immediate from condition (i) that A : P(α, r1;β, l1)→ P(α, r1;β, l1), which means that A has at
least one fixed point u1 ∈ P(α, r1;β, l1) by the Schauder fixed point theorem. When n = 2, it is clear that the hypothesis
of Theorem 3.1 holds. Then we can obtain at least three positive solutions u1, u2, and u3. Following this way, we finish the
proof by induction. The proof is complete. 
In the final of this section, we present an example to illustrate our results.
Example 3.3. Let T = {1− (1/2)N0}∪ [1, 2], whereN0 denote nonnegative integer numbers set. If we choose T = 2, p = 2,
a1 = a2 = 111 , ξ1 =
√
2, ξ2 =
√
3, then ϕp(x) = ϕq(x) = x. Suppose h(t) = t and consider the following BVP on time
scale T
u∆∇(t)+ h(t)f (t, u(t), u∆(t)) = 0, t ∈ [0, 2]T, (3.3)
u(0) = 0, u∆(2) = 1
11
u∆(
√
2)+ 1
11
u∆(
√
3), (3.4)
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where
f (t, w, v) =

1
100
t + 2
3
w3 +
( v
80
)3
, t ∈ [0, 2]T, w ∈ (−∞, 3], v ∈ (−∞,∞);
1
100
t + 18+
( v
80
)3
, t ∈ [0, 2]T, w ∈ (3,+∞), v ∈ (−∞,∞).
Obviously the hypotheses (H1), (H2) hold and f (t, 0, 0) 6≡ 0 on [0, 2]T. By simple calculations, we have
M = η
∫ T
η
s∇s = 3
2
, S =
∫ T
0
h(τ )∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ = 7
3
,
and
N =
∫ T
0
(∫ T
s
h(τ )∇τ + 1
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ
)
∆s < N˜ = T
∫ T
0
h(τ )∇τ + T
d
m−2∑
i=1
ai
∫ T
ξi
h(τ )∇τ = 14
3
.
If we choose r2 = 140, b = 2, r1 = 1/2, and l2 = 77, l1 = 1/4, then f (t, w, v) satisfies
f (t, w, v) ≤ 30 = min
{
r2
N˜
,
l2
S
}
< min
{
r2
N
,
l2
S
}
, (t, w, v) ∈ [0, 2]T × [0, 140] × [−77, 77];
f (t, w, v) >
4
3
= b
M
, (t, w, v) ∈ [1, 2]T × [2, 4]× [−77, 77];
f (t, w, v) <
3
28
= min
{
r1
N˜
,
l1
S
}
< min
{
r1
N
,
l1
S
}
, (t, w, v) ∈ [0, 2]T × [0, 1/2] ×
[
−1
4
,
1
4
]
.
Then all conditions of Theorem3.1 hold. Thus by Theorem3.1, the problem (3.3) and (3.4) has at least three positive solutions
u1, u2, u3 such that
max
t∈[0,2]T
u1(t) <
1
2
, sup
t∈[0,T ]T
∣∣u∆1 (t)∣∣ < 14 ,
2 < min
t∈[1,2]T
u2(t) ≤ max
t∈[0,2]T
u2(t) ≤ 140, sup
t∈[0,2]T
∣∣u∆2 (t)∣∣ ≤ 77,
max
t∈[0,2]T
u3(t) < 4 with min
t∈[1,2]T
u3(t) < 2 and sup
t∈[0,2]T
∣∣u∆3 (t)∣∣ ≤ 77.
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